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Abstract

Based upon the dressing operator approach we investigate the twistor theoretical
construction, additional symmetries, hodograph solutions, and Miura
transformation for the toroidal model of higher-dimensional dispersionless KP
hierarchy introduced by Takasaki.

PACS number: 02.30.1k

1. Introduction

Recently, due to active developments in lower-dimensional quantum field theories, the
dispersionless Lax hierarchies have attracted much attention from theoretical physicists and
mathematicians (see e.g. [1, 9, 17, 18, 20, 34] and references therein). Basically, dispersionless
Lax hierarchies can be defined by an algebra of Laurent series (instead of psuedo-differential
operators) A = Y, a; (t)k' with respect to the Poisson bracket

df dg  9f dg
8= — . 1.1

V8l = g0 ax ~ax ok (D
Introducing the projections ()_; aik’),, = Y5, k' and (3°; a;ik') , = >, a;k' then it
turns out that, for a Laurent series L = a1k + ap + a_1k~! + - - -, three well-known classes of
dispersionless Lax hierarchies can be constructed as

aL

Eve ={(L")>, L}, 1=0,1,2 (1.2)

where dispersionless Kadomtsev—Petviashvili (dKP) [13, 14], dispersionless modified
KP(dmKP) [5, 19] and dispersionless Harry-Dym (dDym) [3, 6, 20] hierarchies correspond to
cases [ = 0, 1, 2, respectively. Besides, the Lax formalism of the dispersionless Toda (dToda)
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hierarchy [15] was established by considering a pair of Lax operators [29, 31]. In a series of
works [29-31, 34] Takasaki and Takebe developed a twistor theoretical method to study the
solution structure and symmetries of the dKP and dToda hierarchies; including tau-function,
twistor theoretical construction, finite-dimensional reductions, hodograph solutions, additional
symmetries and associated w algebras etc. Furthermore, they introduced dressing formulation
to the dKP and dToda hierarchies [34], which is a quasi-classical limit of the Sato formalism
[26] and is convenient to discuss solutions of finite-dimensional reductions for dispersionless
Lax hierarchies [7, 11, 16, 21-23].

Inthe past few years, there have been a lot of proposals for constructing higher-dimensional
dKP hierarchy (see e.g. [4, 8, 10, 12, 24, 28, 32, 33, 35]). These higher-dimensional
systems still possess many algebraic structures and deserve to be explored for their underling
integrability. Especially, Takasaki proposed a toroidal model of dKP (TdKP) hierarchy [35]
for finding a higher-dimensional tau function (or F function in the context of topological
field theory). In this toroidal model the extra spatial coordinates are compactified to a two-
dimensional torus 72 and thus the geometry of phase space of the corresponding Poisson
bracket is R? x T2. Based on extended Lax formalism, Takasaki investigated the integrability
and symmetries of the associated t function of the toroidal model.

The main purpose of this work is to give a dressing operator approach to Takasaki’s TdKP
hierarchy. We find that only two classes (I = 0, 1) of the aforementioned dispersionless Lax
hierarchies can be survived in this higher-dimensional generalization. Motivated by the work
[34] for the dKP hierarchy, we shall show that the dressing approach can be generalized to
a higher dimension to discuss the solution structure and symmetries of the TdKP hierarchy.
Especially, we shall obtain finite-dimensional reductions of the TdKP hierarchy from the
twistor construction and explore their hodograph solutions by solving constraint equations for
the twistor data.

Our paper is organized as follows. In section 2, we recall the extended Lax formulation
of the TdKP proposed by Takasaki. In section 3, we develop the dressing operator approach
to the TdKP hierarchy. In section 4, we show that the solution structure of the TdKP hierarchy
can be characterized by the twistor theoretical construction. The additional symmetries of the
twistor data and associated w algebras are investigated in section 5. In section 6, we present
Gelfand-Dickey reductions and their hodograph solutions for the TdKP hierarchy by choosing
some suitable twistor data. In section 7, we establish the Miura transformation between the
TdKP and TdmKP hierarchies. Section 8 is devoted to the concluding remarks.

2. Extended Lax formulation

The TdKP hierarchy introduced by Takasaki is defined by an algebra of Laurent series
A=) a(t,x, 0)k with respect to the Poisson bracket over the four-dimensional phase
space (k, x, 61, 65) [35]

0AdB 0A0B 0A0B 0A 0B

Ak, ,O,Bk, ,9 :————_+_____’
(A x. 0). Bk x. 00} = o = 5 ok + 56, 98, ~ 96, 96,

={A(k,x,0), Bk, x,0)}kx + {A(k, x,0), Bk, x,0)}0, (2.1)

where A, B € A and 8 = (6, 6,) denotes coordinates on a two-dimensional torus 72. For
a Laurent series A € A we denote ord(A) as the highest order of k of A. Then it is easy to
see that ord({A, B}) = ord(A) + ord(B). This is different from the original Poisson bracket
(without the extra coordinates ¢, and 6,) where ord({A, B}) = ord(A) + ord(B) — 1. From
Lie—Poisson algebra point of view [27], the decomposition A = A>; & A; with respect to
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the Poisson bracket (2.1) is a Lie subalgebra decomposition only for / = 0, 1. Namely
{Axi, Ax} C Ay, (A, A} C AL, [=0,1.
The extended Lax representation of the TdKP hierarchy (I = 0) is given by [35]
oL oM

aalz;" = {Bua» L}, ag”va = {Bua» M}, o)
e {Bna» U}, o {Bnas V1,
with constraints
(LM} ={UV}=1, (LU} ={L,V}={M,U}={M,V} =0, (2.3)
where the time variables t,, have a double index (n,«) withn = 0,1,2,...,a = 0, £1,

42, ..., B = (LY )>0. The four fundamental Laurent series (£, M, U, V) have the form

[e9]
L=k+) gunlt,x, 0k,

n=1

o0
M= "ty L7 e 4 x4+ Y hy(tx, 0)LT,
n,a - n=1 (24)
Z/[ = 91 + Zun(tv X, e)c—n,

n=1

(o)
V= Z ity L e + 6, + Z v (t, x,0)L7".

n,o n=1

Since By = k and By, = ¢*%, we have dL/dt;o = L/dx and dL/dty, = ia e dL/36,
etc. This leads to the linear combinations 79 + x and 6, + Za iottoy €271 in all quantities of the
hierarchy. We remark that the coefficient functions 4,, g,, u,, v, are assumed to be double
periodic functions on 72 and that is the reason why the model is named toroidal model.

It would be useful to introduce the notion of gradings for the coefficient functions
(gns hn, uy, v,). If we set the gradings of (k, x,61,6;) as [k] = 1,[x] = —1, and [6,] =
[6>,] = 0 then due to the homogeneity of gradings for the Laurent series (£, M, U, V) we have
[gn] = [h,] = [u,] = [v,] = n. We also use the following conventions throughout the paper.

of ; .
i i j

Proposition 1 ([35]). The Lax equations for L and U are equivalent to the zero curvature
equations

0Bns B
— +{Bu.5, Bux} =0, 2.5
on ™ {Bumg } (2.5)
or
B, OB
_mmp 9Pna {Byoss B} = 0,
0ty 8Im'3

where B, = (L"e®Y)_;.
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The first nontrivial equations (n =2, m = l,a = 1, =1)and (n =3,m = 2,0 = 0,
B = 0) are given by

(2 — i@])allgz = 1/ 821832g2 + eiel ((1 - 191)(2 - iel)g2x + (1 - 101)82/ 892282

X 1 X 2 X
—392gz/ 90,82 — > <f 392g2> (/ 3922g2)) , (2.6)

3 3 x
2322082 = <33082 — 38280 + 2 {gz»/ 32082} ) .
0/ x

In particular, the second equation of (2.6) can be regarded as a higher-dimensional
generalization of the ordinary (2+1)-dKP equation, U, = 3UU, + %8; Uy, if one sets
t = t39 and y = 1.

For arbitrary Laurent series X, Y € A, denoting adX (Y) = {X, Y}, one can verify the
following useful identities.

Lemma 2 ([34]).
(a) Forall X,Y € A
Bne €Y (X) = & (8,0 X) + {V,, v Y, e (X)),

where
>, (adZ)k eddZ _
V, W=y —L 5, ,W=-——08,,W.
fra 2 ;(kn)! « adZ

(b) Forall X,Y € A
Vi nxHX,Y) =V, xX +"%(V,, yY),

where H(X, Y) is the Hausdorff series defined by e*f1X.¥) = gadX gad¥’
(c) For X,Y, Z € A define

X =e"“(X)+V,, 27, Y =e"%(Y)+V, ,Z,
then
0aX — 0upY +{X, Y} =0 & 80X — d,pY +{X, Y} =0.

3. Dressing operator approach

In this section we like to show that just as the dKP hierarchy, the TdKP hierarchy can be
formulated in a dressing form so that the dynamics of (£, M, U, V) can be encoded by a
dressing function.

Proposition 3.  Let £ and U satisfy the Lax equations (2.2) and the canonical relation
{L,U} = 0. Then there exists a Lourant series of the form

o=t Ok +@a(t, )k +- - (3.1
such that

L= e k), U=e*@), (3.2)
where @ satisfies the equation

Vie® = =9 (k" ) 1. (3.3)
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Conversely, if ¢ = Y, _, on(t, 0)k™" satisfies equation (3.3) then L and U defined in (3.2)
satisfy the Lax equation (2.2).

Proof. Given a Laurent series of the form ¢ = anl ¢n(t, 0)k~" we can define two Laurent
series £ = e (k) and U = e*%(6;) which have the form defined in (2.4) and satisfy the
canonical relation {£, U} = 0. If £ and U satisfy the Lax equations (2.2) then by lemma 2(a)

0o €Y (k) = (Vi 00, L} = (Bra £},
which implies

{7 (Buw — Vi,.00). k} = 0.
Similarly, for ¢/, we have

{7 (Bua — Viu.09). 01} = 0.

That means

Bfa = e_ad¢ (Bnol - tha,¢¢) = kn eia(?l + Z bna,mk_m
m=1

does not depend on x and 6,, namely 0b, ,,/0x = 0b,q ,,/36, = 0. On the other hand, by
lemma 2(c), BY, satisfies the zero curvature condition (2.5) and thus anasjf;ﬂ = 3,pB%,. This

implies Bfa = k" &% +9,,¢' where ¢’ is a Laurent series of the form (3.1) with coefficients
¢! do not depend on x and 6,. Let €% = e e24?’_then by lemma 2(b)

e Y (Bua — Vi,,.00) = e ¢ (Byy — Vi00 — €V, 5').
_ e—ad¢’(3¢ — am(;)’),

no
= k" eia01 )

Conversely, it is easy to show that the dressing form (3.2) with ¢ defined by (3.3) satisfies the
Lax equations (2.2). |

Remark 1. Note that the only ambiguity of the dressing function ¢ coming from that of ¢/,
which can be absorbed into the transformation e%¢ > e¢ eadV = ¥dH@.¥) ith a suitable
Laurent series ¥/ (k, 61) = >~ ;_; ¥ (0:1)k ™.

Having constructed the dressing form for the Laurent series £ and U/, we can introduce
the associated Orlov operators M and V defined in (2.4) as follows

M = e ! k00 (x) = edd¢ (x + X:rzt,w[k“1 ei‘w‘) ,

n,o

(3.4)
Y = ety e’(k’gl)(ez) = et <«92 + Z 1ot k" ei“9‘> ,

n,o

where the dressing function ¢ is defined by (3.3) and 7 (k, 61) = >, tuak" €.

Proposition 4. The operators M and V defined above satisfy the Lax equations

oM ay
= Bna’ My,
0tyq { } 0tyq

and the canonical relations (2.3). Conversely, if the series M and V of the form (2.4) satisfy
the Lax equations (2.2) and the canonical relations (2.3 ), then there exists a Laurent series of
the form ¢ =%, _, @,k™" such that M and V can be expressed in dressing form (3.4).

= {Bnav V},
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Proof. If M and V are defined by the dressing forms (3.4), then the canonical Poisson
relation (2.3) can easily be checked since

(L, M} = &' {k, X+ Znt,,ak”_' o ] =1,

U, V) =e'% {91, 0, + Z ity k" eiael} =1,
and {£,U} = 0, etc. On the other hand, using lemma 2(a), the canonical Poisson relation
(2.3), (3.2) and (3.3) we have

M = nL" U +{V, L0, M} = {Buy, M}.

The proof for V is similar. Conversely, let ¢° be the dressing function defined in (3.2). From
the dressing form of £ and ¢/ and the canonical Poisson relation {£, M} = 1, we have

=L, M) = {k, e (M)
Thus e~ (M) has the form
e’ad‘”o(/\/l) = X:rztmk”’1 el 4y + quk’jfl,
no j=1

where g; do not depend on x, i.e. dg;/dx = 0. Similarly, from {{/, M} = 0 we have
dq;/06, = 0. Moreover,

e (M) = &Y (e M — (09", M]),
— {kn eiotel , e—ad(po (M)},
— nkn—l eia91 ,

which implies d¢; /0, = 0 and thus g; = ¢;(61). Therefore

0 R 0
M= 2y’ qady (Z Nt k" 1 gt +x) — ide” gadt (k.61) eadx/r(x)’

no

where ¥ (k, 61) is a Laurent series defined by ¥ = ijl ¥; 0k~ with y; = —g;/j. On
the other hand, from {{/, V} = 1 and {£, V} = 0 we have

no

0 / . . 0 /
Y = e’ qady (Z it o k" eled) +02> — 2y’ qadt(k.01) gady (6,),

where ' (k, 6;) is a Laurent series of the form ¢’ = ) =1 w} (0)k~/. Now the remaining
task is to show that the dressing functions for M and V are equivalent up to a trivial gauge
transformation, namely

eadx/r — eadl/f’ eadr;’
where n = ijl n;k~/ with n; = constant. To see this, from {M, V} = 0 we have

0= e—adlﬁ' e—adf(kﬁl) e—adgaO {M, V} — {e—adw’ eadlﬂ (x), 92}

Let eV e2V — &2 where n(k, 0;) = H(—y', ¥) = > ;—11j(01)k™/. Then the above
equation shows that

d d
0= —eYx) = —n,x .
00, 00,
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Hence d7;/06; = 0 (i.e. n; = constant) and ¢ = H((po, — ijl qjk’j/j) gives the desired
dressing function. ]

Introducing the dressing function ¢ enables us to express the coefficients ¢; in terms of
gj and i ;. Observing that

e (x) = x + Zhnﬁ_"_l,
n=1

=x+ Z(h” + (polynomials in {g, ..., -1, A1, -+, hn—z}))k‘”—l,

n=1

=x+ Y _(—ng, + (differential polynomials of {gi, ..., g,1})k """,
n=1

where the differential is taken with respect to x and 6. By induction we have

hn . . .
¢, = —— + (differential polynomials of {g», ..., gu—1, A1, -, Apn—2}).
n

4. Twistor construction

In the following, we shall show that the solution structure of the TdKP hierarchy can be
characterized by the Riemann—Hilbert problem.

Proposition 5. Given a set of functions (f", f@, f&, f®)onthe phase space (k, x, 0y, 65)
which satisfy the Poisson relations

(O, P =(f2, f)r =1,

' i 4.1)
{(fO, f9y =0, otherwise.
If L, M,U, and V have Laurent series of the form (2.4) then the following conditions
FOL, MUV« =0, i=1,2,3,4 4.2)

give a solution (L, M, U, V) of the TdAKP hierarchy. We call (fV, f@®, @, f®) the twistor
data of the corresponding solution.

In view of (2.3) one can think of the twistor data as a canonical transformation (k, x, 6;, 6,) —

(f(l)’ f(2)’ f(3), f(4))_

Proof. Let fO(L, M, U, V) = f®(k, x,8) which contains only non-negative powers of .
Differentiating f® (£, M, U, V) with respect to k, x, 8; and 6,, respectively we obtain

afo ) af® afo ar ar ar ar 3f(l) 3]5(1) af(l) 3Jf(l)
aLC M U ay %  ox 06, 00, ok dx 361 86>
afd  f®  f®  §f>® M M M M af@ af®  af@  9f@®
oL M ol ay ok ax a0, 00, | _ | ok ax 96, 26, 43)
3f(3) 3f(3> 3f(3) 3f(3) u wu u u - af(S) 3f'(3) af(3| 3f(3) .
oL IM ou oy ok dx 361 36> ok ax 96, 96,
AW w9 gr@ g_}(’ {;_V (E;TV gTV A af@  gfh g f@
aL M au ay * ! 2 ok ax 30, 90,

or AB = C for short. Due to the Poisson relations (4.1) we know that A is a symplectic
matrix, that is A’JA = J where J is the canonical symplectic matrix defined by

0 1 0 O

0 0 5
o 0 o0 1} J =1
0 0
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and A’ denotes the transpose of the matrix A. Using (4.3) and its transpose we have

B'JB = C']JC,
where the matrix elements (C'JC);; contain only non-negative powers of k£ while (B'JB);;
negative powers of k except

(B'JB)1> = 1 + (negative powers in k), (B'JB)34 = 1 + (negative powers in k).

Hence B is also a symplectic matrix, i.e. B’JB = J. This completes the proof for the Poisson
relations (2.3). To prove the Lax equations (2.2), differentiating @ (£, M, U, V) with respect
to t,, We obtain

ac 3f'(1)

0tyy Oltpg

M af®

A 0ty _ Oty
au | | afe |’

dtna Oltpg

T afe

na Er

which together with AB = C implies

oL 2/
Blpe Otne
IM 3f<2)
1| e | =1 | e
B wu | = C 2o | “4.4)
Otye Otyy
DV 5 7@
Biua 8/
0tng
where
aM L v _ U
dx x ax x
_M L _w U
_ ty ok ok ok ok
=-IBI=|n _a o _w
30, T30, 96, 36,
_aM L YV U
96, 26, 30, a6,

and C~! can be constructed from B~ just by replacing (£, M, U, V) by (f1), f@, fO F@&),
It is easy to see that each entry on the right-hand side of (4.4) contains only non-negative powers
of k. For the first entry on the left-hand side of (4.4), we have

oM oL ALIM N av ou  ou v

(LHS) = == oy o UV
0x Bt,w, ax 0ty 0X Otyy  0X Olyg

oL [ oM| oL au oh;
— - | =4 : fm Lm 1 1/32/{ JL: j—1
ifm I Z

O \ L |, 0x ax
oL oL - 0 OU oh; -
ot +n£n—l elOlZ/{ +Ziﬂmtmﬂ£m_l elﬁu_ + _jﬁ_.l—l
Bx L U 0tq 0thy ; 0tng

mp

au 3V 8£ au v; . .
+ £1n isu " —Jﬁ_-/
0ty mzﬁ 0x Z 0x
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) s OU ov; .
+ia L el — 2pagLmeP — 4N L],
%3; ﬂ mp atm ZJ: Btm

u [av| oL
ax \ 0L|y, tne

no

d
=— + (negative powers in k) = (RHS);.
X

Hence
oM oL oL oM 9V U ou v 0B«

(LHS), =

OX Oty OX Oty OX Otyy  OX Oty Ox

Similarly, we have
oM IL dLIM 9V oU U 0V 0By

(LHS), = — =2 = 2 SE T Y D
0k 0t,, 0k 0t 0k 0t,, 0k 0t,q ok
M AL ALOM AV U U IV 0B
(LHS)y = DM DL DLOM 0V U U BV _ 3B
00y Utng 002 Utng 902 0lng 90 Dlng 96,
M L ALIM AV U U IV B,
(LHS)4 = — =

—_——+ — - — +— = ,
001 0ty 001 0ty  06) Oty 06 Otyq 00,
which together with (4.4) yields

o — e {Buas £}
% - % _ | Bua M)
. 3 (B U}
e e {Bra. V) 0

Proposition 6. Let (L, M,U, V) be a solution of the TdAKP hierarchy. Then there exists a
set of functions (fOV, f@, fO @Y on the phase space such that equations (4.1) and (4.2)
hold.

Proof. Let ¢(z, x, 6) be the dressing function for (£, M, U, V). Set

fO ke, x, ) = e W0 (), [Pk x,0) = e W0 ),

fOUx,0) =e %00, Ok, x,0) =706
then ) satisfy the Poisson relations (4.1). From the dressing form, we have

L(t = 0) = =0 (k) M(t = 0) = 0= (y),

Ut =0)=e=0@), V(I =0) =0,

which implies
FOL@E =0), Mt =0), Ut =0), V(t =0)) == fD(k, x,0) =k,
FPLE =0), M(t =0), Ut =0), V(t = 0)) = ¥=0 f@(k x,0) = x,
FOUL@E =0), Mt =0), Ut =0), V(t =0)) == O (k, x,0) =6,
FOLE =0), M(t =0), Ut =0), V(t = 0)) =" ¥=0 f@ (& x,0) =6,.

Now one can verify the functional equations f(i)([l, MU V)1 =00 = 1,2,3,4)
from the initial value problem by using the Lax equations (2.2). For f) we have
anaf(l)(ﬁs Mv Z/{, V) = {Bnas f(l)(ﬁg M, Z/{, V)} Hence

o f VL, MU V) 1o = {Buo(t = 0), k},
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which only contains non-negative powers of k. By induction, one can show that the coefficients
of the Taylor expansion at t = 0, i.e. 9,4, - - - 8n/ajf(1)([,, M, U, V)=, will only contain

non-negative powers of k for any multi-index (n a1, ..., n;o;). This completes the proof for
the existence of f! for the constraint £V (£, M, U, V)<_; = 0. The other three constraints
can be proved in a similar way. O

5. Additional symmetries

Having established the twistor construction for the solution space of the TdKP hierarchy one
may investigate the symmetries of the solution space. Since these symmetries commute with
hierarchy flows but do not commute between themselves, they were referred to additional
symmetries [25]. In particular, we shall investigate how the dressing function ¢ changes under
such symmetries.
Consider an infinitesimal transformation of the twistor data

fOU, x,0) > fO%, x,0) =e Dk, x,0), i=1,234 (51

where F = F(k, x, 01, 6,) and
aF 0 oF o N oF 0 oF 9
9k ax  dx 9k 30,00, 36,90,

Equation (5.1) can be regarded as a canonical transformation since it preserves the canonical
relation (4.1) Denoting the corresponding transformation of (¢, £, M, U, V) as

P> Yo =@ +Edry,
L Lo=L+€eSrL, Mi> M, =M+eSpM,
U U =U+€eSFU, Vi> Ve =V+eSpV,
where the infinitesimal transformation § has no effect on the time variables, i.e. §¢t,, = 0.

Lemma7. Let PV (k,x,t,0) e Ao and satisfy the canonical Poisson relations

{'p(l)’ 7)(2)} — {73(3), 73(4)} =1,

. . 5.2)
(PO Py =0, otherwise.
If A(k, x, t, 0) Poisson commute with P up to positive powers of k, namely,
(A, PP =0, i=1,2,34
then A¢_; = 0.
Proof. The proof is basically the same as that for dKP [34]. Let
: by, 0AOPY 9APY A dPD  9AIPY
Q(’)z{A,P(’)}:— _ + - =
dk 0x ax 0k 26, 00, 06, 06,
or in matrix form
Q(l) _%‘
Q® %‘
=D . , (5.3)
Q(3) _g_gl
Q(4) %
1

where the matrix elements of D can be constructed from those of B by replacing (£, M, U, V)
by (P, PP PO P®) Due to the symplectic condition (5.2), D is a symplectic matrix as
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well and thus has an inverse D~! = —JD'J which contains only non-negative powers of k.
Hence (5.3) can be written as
— %‘ Q(l)
o4 o o
_% o® |’
% Q(4)

which implies that (— %‘, 334;‘, —%, %) do not contain negative powers of k. This means that

Ac_y =0. O

Proposition 8. The changes of (¢, L, M, U, V) under the infinitesimal symmetries defined
by (5.1) are given by

V(S,«-(pﬁﬂ = F(£9 M7 Z/{, V)gflv (5'4)
SpL={F(L, M, U, V)1, L}, SpM ={F(L, M, U, V)<, M}, (5.5
SpU = {F(L, M, U, V)1, U}, SpV ={F(L, M, U, V)<_1,V}. (5.6)

Proof. Here we only prove the case for the dressing function ¢ since equations (5.5) and
(5.6), via dressing approach, are a direct consequence of (5.4). Under the transformation (5.1)
the Poisson brackets (4.1) are still maintained and the constraints (4.2) become

[fOLes MU, VO] =0. (5.7)
Since
FOULe, Me, U, Ve) = (1 + €adVs, ) €2 2 E0) (1 — eadF) £V (k, x, 0),
= O+ e{Vs,p0 — F(L, MUV, fOL MUV}
Hence (5.7) together with (4.2) implies
{Virop = F(L, MUY, fOL MUV =0

from which, by lemma 7, one gets

V5p¢(p = F(‘Cv M’ uv V)g—] . |:|

Proposition 9.  For any two generating functions Fi(k, x, 6y, 6,) and F,(k, x, 6y, 0,) the
corresponding infinitesimal symmetries 8, and 8, obey the commutation relations
[5F1, SFZ]IC = 8§(r, K, (5.8)

where K = ¢, L, M, U, V.
Proof. First let us prove the case for X = ¢. Denoting §; = §f, and Fij_ = (Fj)<_; we get

eadcp -1
ady

Vs = S19 = Fi_

or
@Y = Ddip = (o, Fi-}.
Taking the variation §, we have

€Y — 1)(8:8190) = {, (52F1) -} — {Faou, {@, Fi_}} — {Fa—, 819} — (F1_, 8200}
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Interchanging the indices 1 <> 2 and subtracting the above equation one obtains

€Y — D81, 820¢ = {9, G1F2)-} — {9, G2 F)_}+{F, {9, Fi_Y) — {Fi_, {p, F>_}},
= {Qo, {Fl’ FZ}f}a
=ade{F, F»)_,

which implies

[8F11 8F2](p = S{FlyFZ}go'

ForK =L
[61, 01 ={F-, i}, LY+ {F {1, L}} - (1 < 2),
={{F-, . L} = {F, F1}-, L} — {{F1-, I}, L},
= {{F1, 2}, L} = 8(r,, ) L.
For = M, U and V one can prove them in a similar way. |

We remark that F(k, x,0), the generating function of additional symmetries, can be
expressed in Laurent—Fourier series of the form

F(k,x,0) = Z OB xn gleth 1f%

mn
m.n,a,f

where cﬁﬁ, are constants. For the generator k"x"el*” ¢#% we identify the associated
infinitesimal derivative Sym n giat; oy = Qf‘,gl and then the commutation relation (5.8) can
be realized as a Lie algebra of Poisson brackets [2]

[0, Q4] = (mn' —nm) Qs PP — (@p — Ba) Qb

6. Gelfand-Dickey reductions

Let us consider the following twistor data f O (G =1,2,3,4) for the TdAKP hierarchy

xkl*N
fo=r = fP=6,  fY=6,  N=22 6D
which satisfy the Poisson relations (4.1). Then the constraints (4.2) imply that
YL MUV =LY =0, (6.2)
FOULMUVI =ML ™M =0, (6.3)
FOL MUV =U< =0, (6:4)
FOL, MUV =V =0. (6.5)

First, from (6.4), we observe thatif = 6;,1i.e. u, = 0, Vn. Therefore the commutation relations
{£,U} = {M,U} =0and (U, V} = 1| imply that dg,, /06, = dh, /36, = dv, /06, = 0. Next
from equation (6.2) one can define an Nth-order Lax operator of the form

L=(L")s=k"+ak" 7+ - +ay, (6.6)
which satisfies the Lax equation

oL

5 =@z, L),
no
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Due to the fact that 9L /06, = O we have 9L /dtjy o =0, j =0, 1,2, .... Hence the variables

a; do not depend on # 4, tN o> L2N a5 - - - - From (6.3) we have
N—1 00

0= " ntul" N+ 3" N ntyo (LM< &M+ xLN Y h, LN
n=1 «o n=N+1 « n=1

Now multiplying £¥~/~! and using the formula res(£"d,L) = 8,._; we get the hodograph
equations:

0= tjae® +3 > e uj@,  1<j<N-L (67
a n=1 o

where the hodograph coefficients M,{ (a) are defined by

. N + .
1 (@) = ~ L res[ LN IV (LM i di L. (6.8)
J
Similarly, multiplying (6.3) and (6.5) by £¥*/~! and £/~ respectively, we have
o0

O=hj+ Y Y e Mntyyres[CN (L") _1di L], i=12,...,

n=N+1 «

o0 / )
0=v;+Y Y iatyy e res[ LI (L") < 1di L], ji=12,...,

n=1 «

where Y/, denotes that the term & = 0 has been omitted. The above equations show that /;
and v; can be expressed in terms of a;.

Remark 2. Note that the twistor data (6.1) can be deformed by adding C (k), an arbitrary
function of &, to f® [30, 34]. As a consequence, the hodograph equation now becomes

0=> 1ja€” + Y " tyina € 1l(@) + Nres(L" /"' C(L)d L), (6.9)

n=1 «
where 1 < j < N — 1. If C(k) has a Laurent expansion C(k) = Zn C,k" where C, are

constants. Then the last term in (6.9) has the form ) ,_, %Cn /[,]; which readily implies

that the coefficients of the deformation C (k) can be absorbed into time variables as a shift
N
INn0 P INen0 + 72 Co

Let us illustrate hodograph solutions for two simple examples.
Example 1. N = 2. In this case
L=(LY50=L2 =k +a,

which gives a one-variable reduction of the TdKP hierarchy (a, = 2g,) defined by the Lax
equation

JaL . )
— {(L2]+1/Ze1a01)20’L}’ ] =O, 1,27.”7
0 41,0
or
00y e 2+ DU dar

R - —. 6.10
3[21‘4_1,0( zjj' 2 0x ( )

These equations are (1+1)-dimensional hydrodynamic-type equations and their solutions can
be expressed as implicit functions through the hodograph equation (6.7):

0= 1ae“" +) > nuiae“ 1), (6.11)

n=1 «a
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where
ty(@) = (n+2)res[ (L)< _1di L].

If we impose the condition #,, = 0,n > 3 for the time variables, then the hodograph
equation (6.11) yields

+ t 1a01
a(x,1,0) = <%>
3 130 + Za 13, €201
which solves (6.10) for j =0, 1.

Example 2. N = 3. In this case
L= (LY=L =1 +ak +a;,
which obeys the Lax equation

aL

o = {(L*3 &), LY,
o

or
[n+l]

8612 iad; (3j—n—1 _n—2j+1
arm‘32<>(n—2j+1>e @ e
3613 i i [ 3j—n—2 n—=2j+2
arm‘32( )(n—21+2>e ),

This is a two-variable reduction of the TdKP hierarchy (a, = 3g, and az = 3g3). The solutions
of these (1+1) hydrodynamic-type equations can be expressed as implicit functions through
the hodograph equation (6.7):

O—Zta la9]+zzt3+na lalﬂn(a)
=l (6.13)

0= Z by ela91 + Z Z Bn,a 1a91 My, (a)
o

n=1 «a

(6.12)

where u,’q (a) are defined by (6.8). If we impose the condition ¢, , = 0,n > 4 for the time
variables, then the hodograph equation (6.13) yields

3 ([20 + Z; g eled )

ay(x,t,0) = — -
2 \ g0+ Z/ L4y €100

X+ Z Ha el
asz(x,t,0 Sy E——
'5( ) 4 <t40 + Za o elaé.

which solves (6.12) forn =1, 2, 4.

Since the above examples do not depend on 8, and thus 6; enters these solutions as a free
parameter. To take 6, into account we shall properly choose f© (and hence ™) instead of
that provided in (6.1).

Let us consider another set of twistor data as follows:

f(l) _ kN f(2) _ XkI*N B 9192]{71\’
’ N N
[ =6k, @ =6k, (N >2),

)
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which satisfy the Poisson relations (4.1) as well. Then the constraints (4.2) imply that

O, Muvye =L =0, (6.14)
FOL, MUV ¢y =MLY —uve ™)y =0, (6.15)
FOL MUV < = UL <1 =0, (6.16)
FOUL, MUV« =VL e =0. (6.17)

From the first constraint (6.14) we still have an Nth-order Lax operator of the form (6.6). From
the third constraint (6.16), we have

UL =61k +uy, (618)
which implies that u, can be expressed in terms of g; as
0
Uy = ———res(L" ! dk), n>2.
n—1

where the residue formula was used. For instance,

uy = —0182, u3 = —01g3, us = —0y(gs + g%), etc.
For the coefficient u#;, using (6.18) and the canonical relation {£,U/} = 0, we have
0 ={L, 61k + uy}j0) which results

uy =9, '9,8. (6.19)

Next, from the fourth constraint (6.17), we have

o0
0= ity (L' D 1 +0,L7 + D vu(t,x, )L,

n,a n=1

which yields

v =— Ziatm res((L" ' ey LId L), ji>1,

e ‘ (6.20)

6 = — Z ioutg res(L" ! e dk).

Finally, from the second constraint (6.15), we have
o0

0= ntyo( LNy +xL7V+ Y hy(t,x, )L — UYLy (6.21)

n,a n=1
In the following, we shall show that we can extract hodograph equations from (6.20) and
(6.21) by setting e = el* 3 P(ieu)L ™', where u = (u, us, ...) and P;(x) are the
Schur polynomials defined by

2 b X3
ETR 3(X) = x3 XX+ o

etc. withx = (x1, x2,...). Multiplying £/~ with j = —(n — N — ) on (6.21) and using
res(L"dy L) = 8, - again, we obtain

N—-1
0=>"Y (n—iaby) " Pjsy_ntya

a n=0

Py(x) =1, Pi(x) = x1, Py(x) =xp +

N—1 j+n—N

. 1 0
+x8j N1 — 61628 N — Z Z Z 10 € iy Pian—m—Nlna

a n=0 m=l1
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o) [
+ Z(hn - len - 62un)8j,n+N - Z vnum(sj,n+m+N

n=1 n,m=1

+ D+ N —iaf) by .o res(L (L") <_1di L)

o n=0
-y i i 100t ey o TES(LT (L7 €M) 1 di L), j>1
A (6.22)
Similarly, from (6.20), we have
O+ iatgy e == i ity res((L"' e 1 di L), (6.23)
o a n=1

Equation (6.22) together with (6.23) gives us hodograph solutions involving variables ¢, x, 6
implicitly. Since the above hodograph equations are more complicated than those of the
previous examples, we decide to solve (6.22) and (6.23) for the first few hierarchy flows by
restricting n < 3 and @ = 0, 1. Let us illustrate the simplest case.
Example 3. N = 2. In this case

L=LY) =L =k 4280 =k +a.

Also, from the formula u,,,; = —% res(L" dk) forn > 1, we have

Uy = _2k91_ 1 reS(L%) - _2:—1—1(k _k1/2>a]2(9 k=1
and ua1 = 0 except u; = 9, '9p,2>. The Lax flow is given by
Ona L = {(L" )50, L}.
Extracting the zeroth-order term, one gets
otz = {(L"e°")50, k> + az}o),
= {k* + az, (L" ") <1} 0,

(2]

) i—1/2 )
=2 () (’ ; / )P,,2,~+1(iau)a§ . (6.24)

j=0

X
Keeping the first few time variables fgy, t10, t11,#; and #3p only, then the hodograph
equations (6.22) for j = 1 and (6.23) imply
X+t = —3gat30 +i(i + 6)) e i6)

) +iei0‘t01 =l (u1t11 + iu%t21/2 —({+ 91)5’21‘21),

tip — (i +61) e uty,

which, after some algebras, gives
i, 121

NI
ui(x,t,0) =1—+1(1+91)ze —_—
3] 3130

i

JA+00 X0+ £+ 18ie (6 + i),

301130
2
X+t R g 1
g2(x,1,0) = — —ii+6)° X 2L
3130 9t30
i(i+6p)

JA+00 et +620 £ 1 18169 (0 + it )i,

2
915,
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where

f =913t +6(1 —i6)) (x + t10)t3, t30.
One can verify that a; = 2g satisfies the hierarchy flow (6.24) as well as the constraint (6.19).
Example 4. N = 3. In this case

L=_Ll,=L =k +3gk+3g =k +ak+as

and

[l ,
(% n/3
lpe) = —— ( / )( / )a;] " ‘a;”] 2, n>1.
nig\J n+1—-2j

The hierarchy flow of a, and a3 are given by

n— I+l]

n+l [

n—I .
naa2_3ew¢9| ZPI(HXU) Z ( )(n_l+J1 2]>a3; —n+l— lag’ 1+1-2j ’

n— l+2]

n+2 [

= (B (),
j=0

X

n+l ["%M] n—lI ]
i . 3 3j—n+l—1 n—I+1-2j
a27ela6‘| § P[(lOlll) E ( 3 ><n_l+1 _2'>a21 n+ (l; + J
=0 Jj=0 J J

Since the computation of hodograph solutions, which can be obtained from (6.22) and (6.23),
is quite involved, we leave the details to those interested readers.

0

We would like to stress that the hodograph solutions of these finite-dimensional reductions
are not double periodic. Perhaps, more clever twistor functions have to be chosen.

7. Miura transformation

In this section, we like to consider another higher-dimensional system defined by the Lie
algebraic decomposition for I = 1 with respect to the Poisson bracket (2.1). A convenient
way for introducing this system is to construct a Miura transformation to the TdKP.
Proposition 10. Let (£, M, U, V) be related to (L, M, U, V) as
L =e (L), M =¥ (M), U =e* U, V =e (V) (7.1)
where the dressing function § = &(x, t, 0) is defined by

Vi e = =% (L" "))y

Then the Laurent series (L, M, U, V) satisfy the Lax equations

L S M

8[ = {Bnlxv ‘C}a at = {Bna» M}a
= Bmx» Z:[ s = Bnas 1}

T { } o { }
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and the canonical relations
(L, M} ={U,V}=1, (LU} ={L,V}={MU}={MV}=0
where By = (L 61“0)21.
Proof. Using lemma 2(a) we have
L
Ot

—{(L" eiaabl, L}

. aL 5 . ; . ; %
— edds (at ) + {Vl,w,,éé’ [:} _ {eddé(ﬁn elo{l/[)>0 _ (eddé(ﬂn elo{b{))[o]’ [:}’

or . . .
= ¢ (F —{(L" M)y, £}> +{ V.66 + (L oy, L},

which yields the first equation of (7.2) if
Vi 6€ + %4 (L" "))y, L} = 0. (7.3)
Similarly, the other equations of (7.2) hold if

(Vi 68 + (@4 (L" €*4)) 0, M} =0, (7.4)
Vi e€ + €% (L ")), U} = 0, (7.5)
Vi 6€ + €% (L ")), V} = 0. (7.6)

Let A = e % (V, (& + (€™ (L" e¥))(q)), then (7.3)~(7.6) become
{A, L} =0, {A, M} =0, {A, U} =0, {A,V} =0.

which, in matrix form, can be expressed as
_ A
dx
24
ok
_aa | =0
96,
QA
96,
Since B is a symplectic matrix, B~! exists. This implies that .4/9x = d.A/0k = 9.A4/36; =
0.A/06, = 0. That means

V,. &+ (@% (L YY) = 0. 0

B

Equation (7.1) can be regarded as a higher-dimensional generalization of the Miura
transformation between the dKP and dmKP hierarchies [5]. Hence we refer the set of
equations (7.2) as TdmKP hierarchy. From the dressing operators (7.1), £, M, U, and V
are the Laurent series of the form

o0
L=k+D Gunlt.x, Ok,

n=0 B o
M= Zntmﬁ”’l el 4 x4 Z Rty x,0) L1,

n,a N n=1 (77)

U=06+ Zﬁn(z‘, x,0)L7",

n=0
V=) ot L™ 40,4 0, (1, x,0)L7".

n,a n=0
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Proposition 11. Given a set of functions (fV, f@, fO F®Y on the phase space
(k, x, 61, 62) which satisfy the Poisson relations

O, 72 = (79, J9) =1,

S (7.8)
{(fO, f9y =0, otherwise.
If L, M, U,V are Laurent series of the form (7.7) then the following conditions
FOZ, MU, V)< = 0,
d = (7.9)

FOL, MU, V)<t =0, i=2,3,4.

give a solution (L, M,U, V) of the TdmKP hierarchy. We call (fV, f®, f®, F®Y the
twistor data of the corresponding solution. Conversely, let (L, M, U, V) be a solution of the
TdmKP. Then there exists a set of functions (fV, f@, fF®_ f®) on the phase space such
that equations (7.8) and (7.9) hold.

Proof. The proof for the first part of the proposition is the same as the TdKP. Here we give a
proof for the second part using the Miura transformation (7.1). Let us choose the twistor data
for the TdmKP system as
f(])(k, X, 9) — e—adqo(t:O) e—adé(t:())(k), f"(Z)(k’ X, 0) — e—ad(p(t:()) e—adé(f:())(‘x)’
f(3) (k, X, 9) — efadq;(t=0) efadé(t=0) (91)’ f~(4) (k, X, 0) — efadgo(t=0) efadé(t=0) (92)’
then f@ satisfy the Poisson relations (7.8). From the dressing form (3.2), (3.4), and (7.1), we
have

[:(t — 0) — eadé(t:o) ead(p(t:())(k)’ M(t — 0) — eadé(r:O) eadw(t:o)(x)’

Z:[(t — 0) — eadE(I:O) ead(p(l:O) (91)’ ];(t — O) — eadE(l:O) ead(p(T:O) (92),
which implies

FOLa =0), M1t = 0),Ut =0), V(t = 0) =k,

FOLa=0), M@ =0),U( =0),V(t =0) =x,

FOL@ =0), Mt = 0),U(t = 0), V(t = 0) = 61,

FOLa =0), M1t = 0),U(t = 0), V(t = 0)) = 6.
Now one can verify the functional equations (7.9) from the initial value problem by using
the Lax equations (7.2). For £V we have 8,, f (L, M, U, V) = {Buy, fV(L, M, U, V)}.
Hence

Ona [V (L, MU V)10 = (Bra(t = 0), k),

which only contains power >1 of k. By induction, one can show that the coefficients
of Taylor expansion at t = 0, i.e., 9,4, “+ Onjay f(l)(ﬁ, M, U, V)|i=o, only contain power
21 of k for any multi-index (n;cy, ..., n;a;). This completes the proof for the constraint
FIO(L, M, U, V)<o = 0. The other three constraints can be proved in a similar way. O

8. Concluding remarks

In conclusion, we have investigated the toroidal model of higher-dimensional dispersionless
integrable hierarchies proposed by Takasaki. It turns out that such extension admits two
classes of dispersionless Lax hierarchies. One is the TdKP hierarchy and the other the
TdmKP. For the TdKP, after introducing the dressing approach, the associated Orlov operator
can easily be defined. We have established the twistor construction for the TdKP hierarchy
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and investigated the additional symmetries of the twistor data. Moreover, we have studied
Gelfand—-Dickey reductions of the TdKP hierarchy and provided some hodograph solutions.
The Miura link between the TdKP the TdmKP hierarchies was also studied, which preserve
the Lax formulation as well as the twistor construction

Three remarks are in order. Firstly, it would be interesting to discuss the Hamiltonian
formulation of the TdKP hierarchy. A possible candidate for conserved quantities would
be H,y = tr(L"€*Y)/n where tr A = [res Adxdf; d6,/2x which enjoys the properties
tr{A, B} = 0 and tr({A, B}C) = tr(A{B, C}). Itis easy to show that 9,3 H,, = 0. Besides,
we still need to construct the Hamiltonian structure associated with TdKP so that the Lax flows
can be written in Hamiltonian flows generated by the above conserved quantities. Secondly, as
we see in section 3 and 4 that the dressing operator approach and twistor theoretical construction
are independent of that whether 6, and 6, are compactified coordinates or not. That means the
dressing operator approach can be applied to the planar model [33] as well, in which the angle
variables (61, 6») are replaced by planar coordinates (y, z). In the toroidal model, although
we have constructed some solutions for TdKP, yet it is not clear how to find twistor data
systematically so that the corresponding hodograph solutions are double periodic. Thirdly,
having constructed the Miura transformation between the TdKP and TdmKP hierarchies, it
would be interesting to see some multi-dimensional extensions of the modified systems in the
explicit form. We hope to work out these issues in the future.
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